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We present a simple scheme for implementing a one-dimensional (1D) magnetic-flux lattice of
ultracold fermionic spin-1/2 atoms. The resulting tight-binding model supports gapped and gapless
topological phases, and chiral currents for Meissner and vortex phases. Its single-particle spectra
exhibit topological flat bands at small flux, and the flatness sensitively depends on hopping strength.
An effective p-wave interaction arises in a s-wave paired superfluid. Treating atomic internal states
as forming a synthetic dimension and balancing the interplay of magnetic flux and Zeeman field, our
model describes a tunable topological Fermi superfluid, which paves the way towards experimental
explorations of non-Abelian topological matter in 1D atomic quantum gases.
I. INTRODUCTION
Topological superfluids are topical areas of research in
quantum many-body physics. Among the diverse top-
ics studied, the p-wave superfluid represents a paradigm,
which hosts Majorana fermionic excitations with non-
Abelian statistics [1–3] essential to topological quantum
computation [4]. It remains to be realized experimen-
tally, although, albeit the recent evidence for p-wave in-
teraction in a nanowire topological superconductor [5–
7]. Unlike solid-state systems (of electrons), interactions
and the environment of ultracold atoms are tunable or
controllable [8, 9], opening unparalleled opportunities for
quantum simulations of topological superfluids. The re-
cent breakthroughs of Raman-assisted tunneling for ul-
tracold atoms in optical lattices [10, 11] establish con-
crete examples with strong synthetic magnetic fields ca-
pable of exploring exotic states [12, 13], and the suc-
cessful realizations of spin-orbit coupling (SOC) interac-
tions [14, 15] support explorations of topological super-
fluids of ultracold atoms with s-wave interactions [16–18].
The difficulties with atomic gases lie at the increasingly
complicated atom-atom as well as atom-light interactions
required for realizing model systems of topological super-
fluids. In this paper, we present a simple implementation
for a tunable flux lattice supporting topological states. It
is based on Raman-assisted staggered spin-flip hopping
for atoms in a one-dimensional (1D) optical lattice. De-
pending on the interplay of magnetic flux and spin-flip
hopping, our model supports gapped and gapless topo-
logical phases and exhibits a quantum phase transition
between the chiral vortex phase (VP) and the Meiss-
ner phase (MP). Additionally, for atoms with s-wave
interactions, a topological superfluid with zero-energy
Majorana modes is predicted to exist. Compared with
models requiring high-dimensional SOC (> 1D) or high
partial-wave (l > 0) interactions, our system is built
from simple laser configurations and with s-wave inter-
actions and thus presents itself as a natural playground
for exploring rich varieties of nontrivial topology and
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FIG. 1: (Color online). (a) The proposed atomic level dia-
gram and Raman couplings, with a plane wave laser intersect-
ing a 1D standing-wave one at angle ϑ as in (b). (c) The re-
sulting 1D model describes synthetic magnetic-flux φ per pla-
quette (light blue region) with spatially dependent complex
hopping along the physical dimension and staggered Raman-
assisted spin-flip hopping along the synthetic dimension.
strongly correlated phenomena, e.g. the Su-Schrieffer-
Heeger model [19], chiral current [20–23], synthetic di-
mensions [24–27], fractional helical states [28, 29], and
topological charge pumping [30, 31].
This paper is organized as follows. In Sec. II, we in-
troduce our model of Raman-assisted SOC and derive
the single-particle Hamiltonian. In Sec. III, we study the
band topology and demonstrate the appearance of chi-
ral currents for a synthetic 1D flux lattice in Sec. IV. In
Sec. V, we present the phase diagram and topological p-
wave superfluids of the system. Finally, we give a brief
summary in Sec. VI.
2II. MODEL AND HAMILTONIAN
N fermionic atoms of level structure as illustrated in
Fig. 1(a) are subjected to a bias magnetic field B along
the z-axis, e.g. for alkali 40K or 6Li atoms with two
electronic excited states |eσ〉 of 2P1/2 and two ground
hyperfine spin states |σ〉 of 2S1/2 for σ =↑, ↓. The specific
Zeeman states that match the Raman selection rules are
shown in Fig. 1(b) with π-polarized transitions driven
by a standing wave laser |σ〉 ↔ |eσ〉 of Rabi frequency
Ω1(y) = Ω1 cos(kLy) and σ-polarized transitions driven
by a plane-wave laser |σ〉 ↔ |eσ′〉 (σ 6= σ′) with Rabi
frequency Ω2(y) = Ω2e
−iκy and κ = kL cosϑ. kL is the
laser wave vector, and ϑ is a tunable angle with respect
to the y axis.
If the differential detuning ∆ωL between the Raman
lasers is near resonant with the Zeeman shift ~ωZ , states
|↑〉 and |↓〉 from a closed subsystem well separated from
the others when the quadratic Zeeman shift is sufficiently
large [15]. In the large detuning limit |Ω1,2/∆| ≪ 1,
the excited states |eσ〉 can be eliminated adiabatically
to give a 1D optical lattice Uol(y) = U1 cos2(kLy) with
U1,2 = Ω
1,2
0 /∆ as the ac Stark shift and d = π/kL as
the lattice constant of a unit cell. Neglecting terms with
the high-frequency prefactor e±i2∆ωLt and rotating the
spin basis by |↑〉 → eiκy/2 |↑〉 and |↓〉 → e−iκy/2 |↓〉, the
single-particle Hamiltonian becomes
h =
(p−A)2
2M
+Ωcos(kLy)σˆx − δ
2
σˆz + Uol(y)Iˆ , (1)
with M as the atomic mass and Iˆ as the identity ma-
trix. Ω = Ω1Ω2/∆ is the effective Raman Rabi cou-
pling, A = −~κσˆz/2 is an effective vector potential,
δ = ωZ +∆ωL is the effective Zeeman field (two-photon
detuning), and σˆx,y,z’s are the Pauli matrices. Light-
induced heating is reduced because an external optical
lattice is not required [32].
When |Ω2/Ω1| ≪ 1 and the blue (∆ > 0) lattice poten-
tial is sufficiently strong, the above single atom interac-
tion can be cast into a tight-binding model Hamiltonian
with nearest-neighbor hopping
H0 = −t
∑
n
(
aˆ†n,↑aˆn+1,↑e
−iφ/2 + aˆ†n,↓aˆn+1,↓e
iφ/2 +H.c.
)
+ty
∑
n
(−1)n
(
aˆ†n,↑aˆn+1,↓ − aˆ†n,↑aˆn−1,↓ +H.c.
)
− δ
2
∑
n
(
aˆ†n,↑aˆn,↑ − aˆ†n,↓aˆn,↓
)
, (2)
where aˆn,σ is the atomic annihilation operator for
the nth site and and φ = κd is an easily tuned
Peierls phase (magnetic flux) by changing ϑ, t =
− ´ dy w∗n(y)
[
p2/(2M) + Uol(y)
]
wn+1(y) is the nearest-
neighbor spin-independent hopping with wn(y) as
the Wannier function of the lowest s orbit. The
Raman-assisted nearest-neighbor spin-flip hopping ty =
Ω
´
dyw∗n(y)| cos(kLy)|wn+1(y) is staggered along the
1D lattice. Whereas the Raman-assisted on-site spin-
flip hopping strength Ω
´
dyw∗n(y) cos(kLy)wn(y) is zero
since the atoms are symmetrically localized at the nodes
for the blue lattice potential. In contrast, a staggered
Raman-assisted on-site spin-flip hopping emerges with
the absence of the nearest-neighbor spin-flip hopping
along the physical dimension for a red lattice potential.
The gauge transformation aˆ†n,↓ → (−1)n+1aˆ†n+1,↓ elim-
inates the staggering factor [33] and reduces Eq. (2) to
H0 = −t
∑
n
(
aˆ†n,↑aˆn+1,↑e
−iφ/2 − aˆ†n,↓aˆn+1,↓eiφ/2 + h.c.
)
+ty
∑
n
(
aˆ†n,↑aˆn+1,↓ − aˆ†n,↑aˆn−1,↓ + h.c.
)
− δ
2
∑
n
(
aˆ†n,↑aˆn,↑ − aˆ†n,↓aˆn,↓
)
, (3)
whose corresponding schematic is depicted in Fig. 1(c).
Its k-space form easily is obtained as
H0(k) =
∑
k,σσ′
aˆ†kσ
[
ǫ(k)Iˆ +
∑
α=y,z
dα(k)σˆα
]
σσ′
aˆkσ′ , (4)
where ǫ(k) = −2t sin(φ/2) sin(kd), dy(k) =−2ty sin(kd),
and dz(k) = −δ/2 − 2t cos(φ/2) cos(kd). Such a system
of Eq. (4) belongs to the symmetry class D which pre-
serves particle-hole symmetry but breaks time-reversal
symmetry. It supports a topological nontrivial ground
state characterized by the 1D Z2 invariant [34, 35].
III. BAND TOPOLOGY AND EDGE STATES
The single-particle spectra to the noninteracting
Hamiltonian (4) is given by E±(k) = ǫ(k) ± d(k) with
d(k) =
√
d2y(k) + d
2
z(k). The unit vectors nˆ±,k =
±(0, sin θk, cos θk) for the upper (+) and lower (−) he-
licity branches are represented in the Bloch sphere with
θk = arg[dz(k) + idy(k)]. In the helicity basis, H0(k) is
diagonalized and given by H0(k) =
∑
k[E+(k)cˆ
†
k+cˆk+ +
E−(k)cˆ
†
k−cˆk−], with the corresponding fermionic atom
annihilation operators,
cˆk+ = cos(θk/2)aˆk↑ − i sin(θk/2)aˆk↓,
cˆk− = −i sin(θk/2)aˆk↑ + cos(θk/2)aˆk↓. (5)
Their associated band topology is determined by the Zak
phase for the lower branch ϕZak = − 12
´ G/2
−G/2
∂kθkdk with
G = 2π/d. Due to the Z2 invariance of the system, the
gauge dependent Zak phase can only take two distinct
values for our choice of the unit cell.
Figure 2(a) shows the phase diagram with ϕZak =
−π(0) for the topological (trivial) phase. At the topo-
logical phase transition, the bulk gap E
(d)
g = 2min[d(k)]
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FIG. 2: (Color online). (a) The Zak phase ϕZak on the φ-
δ parameter plane. The black-solid (red-dashed) line denotes
the topological nontrivial-trivial (gapped-gapless) phase tran-
sition. (b) Typical results of phase θk for the topological phase
at δ/t = 0 (blue-solid line) and the trivial phase at δ/t = 4
(red-dashed line). (c) and (d) The Bloch vector nˆ−,k illus-
trated for the topological phase at δ/t = 0 and the trivial
phase at δ/t = −4. (e) The dependence of energy spectra En
on φ at ty/t = 1 and δ/t = 0. The red-dots denote the edge
states. (f) The flatness parameter ξ as a function of ty/t for
different φ’s with δ/t = 0.
must be closed, which gives rise to the ty-independent
phase boundary δ/t = ±4 cos(φ/2). Although it remains
unchanged with diminishing ty, the value of E
(d)
g depends
on ty. In the absence of the Zeeman field (δ = 0), the
system stays topological with the bulk gap closing only
occurring at φ/π = ±1. The flux-induced asymmetric
potential ǫ(k), however, may induce a closing of the in-
direct bulk gap E
(i)
g = 2min[E+(k)] accompanied by an
inverse shift of the extreme points for both the upper and
the lower bands [32]. The system therefore can enter into
a gapless topological phase at E
(i)
g = 0 where the gapped-
to-gapless phase transition satisfies | sin(φ/2)| = ty/t.
The gapless phase vanishes once ty ≥ t.
The phase θk and the Bloch vector nˆ−,k for different
phases are plotted in Figs. 2(b)-(d) for ty/t = 1 and
φ = π/2. We can visualize nˆ−,k for a typical topological
phase characterized by the spin texture with 2π phase
winding [22], which exhibits the topologically protected
twofold degenerate edge modes by imposing a hard-wall
confinement along the lattice direction [Fig. 2(e)]. The
bulk gap is shown clearly to be monotonically decreasing
with increasing flux |φ|. Meanwhile, the bandwidth of
the lower branch, Ebw = max[E−(k)]−min[E−(k)], with
respect to ty is dominated by φ. The system exhibits a
large flatness ratio ξ = E
(d)
g /Ebw which sensitively de-
pends on ty/t indicated by the sharp peak structure at
small φ as shown in Fig 2(d). The measured band struc-
ture thus potentially allows for a precision determination
of the hopping strength. Different from the small φ limit,
ξ becomes insensitive to ty/t at large φ.
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FIG. 3: (Color online). (a) The phase diagram for our model
on the φ-ty parameter plane at δ/t = 0. The color with the
blue-red gradient shading indicates the values of |jc|. (b) The
typical lower branch E− for different φ’s at ty/t = 0.6. The
dashed line characterizes the VP and MP phase transitions.
Chiral current |jc| as a function of (b) φ with ty/t = 0.6 and
(c) ty/t with φ/pi = 0.4, respectively.
IV. CHIRAL CURRENTS
The presence of magnetic flux as shown in Fig. 1(c) re-
sults in a gauge-invariant net chiral current, which takes
the form jc =
1
Nl
∑
n〈jn,↑ − jn,↓ + jn,⊥〉 and is com-
posed of an intraspecies component along the legs jn,σ =
itζaˆ†n,↑aˆn+1,↑e
iζφ/2+H.c. and an interspecies component
along the rungs jn,⊥ = itx(aˆ
†
n,↑aˆn+1,↓−aˆ†n,↑aˆn−1,↓)+H.c.,
with ζ = −1 (1) for spin-| ↑〉 (| ↓〉) and Nl being the total
number of lattice sites. The chiral current reduces to a
Peierls phase of φ for the ground-state energy Eg with
jc = 2∂Eg/∂φ [23]. It is measurable using spin-selective
imaging of the lattice momentum distribution [26].
Figure 3(a) shows the current strength |jc| as a func-
tion of the hopping ratio ty/t and flux φ. Tuning the
4lower helicity band structure [20], one induces a quan-
tum phase transition between the VP and the MP where
the former phase displays the same periodic modula-
tion current whereas the latter shows a uniform cur-
rent. This phase transition corresponds to the merg-
ing of two local minima of E−(k) into a single one as
shown in Fig. 3(b). At the phase boundary (black-
solid line), the critical value of t
(c)
y /t obeys t
(c)
y /t =
[
√
1 + 3 cos2(φ/2) − sin(φ/2)]/2. It decreases gradually
from 1 to 0 when the flux φ increases from 0 to π. In con-
trast to the chiral current in two-leg bosonic ladders [20],
the VP favors small flux φ and hopping strength ty. As
shown in Fig. 3(c), the current displays a peak structure
which reaches maximum at the boundary of the VP-MP
transition. Another typical feature of |jc| is that the
system belongs to VP when ty < t
(c)
y , with jc rapidly
growing with increasing ty. But for ty > t
(c)
y , the sys-
tem changes into the MP with the current saturating to
jc = −2t cos(φ/2) [Fig. 3(d)]. These characteristic be-
haviors of jc for different phases can be used to monitor
the VP-to-MP transition.
V. TOPOLOGICAL p-WAVE SUPERFLUID
Topological superfluids arise for atoms with gauge-
invariant s-wave interactions. By introducing the conven-
tional order parameter ∆s = (U0/Nl)
∑
k〈aˆ−k,↓aˆk,↑〉 [36],
the mean-field interaction Hamiltonian becomes Hint =
∆s
∑
k
(
aˆ†k,↑aˆ
†
−k,↓ +H.c.
)
− NlU0 |∆s|2, where U0 is the at-
tractive interaction strength. Projected into the helicity
basis, Hint becomes
Hint =
√
π
3
∆s
∑
k
[
iY10(
π
2
− θk)(cˆ†k+cˆ†−k+ − cˆ†k−cˆ†−k−)
+2Y10(θk)cˆ
†
k+cˆ
†
−k− +H.c.
]
− Nl
U0
|∆s|2, (6)
where Y10(θk) is a spherical harmonics of rank 2, whereas
the first two terms correspond to pairings of atoms with
the same or opposite helicities assuming effective p-wave
interactions from the s wave. These interactions drasti-
cally change the single-particle topology of Eq. (4) and
give rise to zero-energy Majorana modes, whose origins
are different from the p-wave interaction proposed in
Ref. [37] that requires a spin-dependent optical lattice.
In the Nambu space with the operator Ψˆk =
(aˆk,↑, aˆk,↓, aˆ
†
−k,↑, aˆ
†
−k,↓)
T , the Hamiltonian becomes H =
1
2
∑
k Ψˆ
†
kHBdGΨˆk − NlU0 |∆s|2 +
∑
k ξk, with ξk = ǫ(k)− µ
and µ as the chemical potential. The corresponding
Bogliubov-de Gennes (BdG) Hamiltonian that preserves
the inherent particle-hole symmetry becomes
HBdG(k) =
( K(k) i∆sσˆy
−i∆∗sσˆy −K∗(−k)
)
, (7)
with K(k) = [ǫ(k)−µ]Iˆ+dy(k)σˆy+dz(k)σˆz . By diagonal-
izing the BdG Hamiltonian, one finds the eigenequation
satisfying HBdG(k)ψβη (k) = Eβη (k)ψβη (k), with ψβη,k =
[uβη,k,↑, u
β
η,k,↓, v
β
η,k,↑, v
β
η,k,↓]
T as the wavefunctions and
Eβη,k as the eigenenergies of the Bogoliubov quasiparti-
cles. The index β = + (−) represents the particle (hole)
band and η = 1 (2) denotes the upper (lower) helicity
branch. The topology for the interacting system is char-
acterized by a 1D Z2 number for the hole branch [38]
ν = ipi
∑
η=1,2
´ G/2
−G/2〈ψ−η (k)|∂kψ−η (k)〉dk, with ν = 1(0)
denoting topological (trivial) phases.
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FIG. 4: (Color online). The phase diagram on the U0-φ plane
at δ/t = 0 (a) and on the U0-δ plane at φ/pi = 0.5 (b), with
the blue-red color gradient shading indicating the value of
∆s/t. The red square points in (b) represent the two tricriti-
cal points of the quantum phase transitions. (c) The typical
quasiparticle spectra En as a function of δ with edge modes
denoted by the red-dots. (d) The spatial distribution of the
quasiparticle wave-functions for the Majorana modes along
the lattice site at δ/t = 2.5. For (c) and (d), other parame-
ters are φ/pi = 0.5 and U0/t = −6.
Figures 4(a) and 4(b) summarize the correspond-
ing phase diagrams, with the superfluid phase labeled
by “SF”, the normal phase (∆s = 0) by “N”, and
the topological phase for the particle (ϕZak = −π) or
quasiparticle (ν = 1) by “t”. The phase boundaries
are characterized by ∆s and ϕZak (ν) with the self-
consistent equation for ∆s solved numerically using ana-
lytical derivatives by the Green’s function method [32]
∆s =
U0
Nl
∑
k [f(HBdG(k))]14, where f(·) denotes the
Fermi-Dirac distribution. The 1D BdG approach is ex-
pected to capture the qualitative topological features
when interactions are not too strong [39]. Limited by
5the validity regime of our theory, we take |U0/t| ≤ 9 in
the numerical simulation and with other parameters as
ty/t = 1 and µ = 1 for half filling.
The topological phase transition is associated with
the critical pairing order parameter ∆
(c)
s = |δ/2 ±
2t cos(φ/2)|. As shown in Fig. 4 (a), for ∆(c)s > 0, the
value of ∆s does not smoothly decrease to zero, and a
finite threshold ∆
(th)
s exists at the boundary of the tN-
to-SF transition. As expected, ∆
(th)
s for the emergence
of the SF as well as ∆
(c)
s monotonically decreases as φ
increases, corresponding to the parameter region for the
SF largely enhanced. However, the tSF state which pos-
sesses a nonzero 1D topological number is absent since
∆
(th)
s > ∆
(c)
s , which indicates that the tSF state favors a
small threshold of superfluidity.
Further exploration of the tSF state leads to a more
interesting quantum phase as depicted in Fig. 4(b) with
a significantly reduced ∆
(th)
s due to the interplay of U0
and δ. In particular, we note a tSF state with an inter-
mediate value of ∆s. When the Zeeman field is over the
first tricritical point (δ/t > 0.93), the parameter region
for the tSF state gradually increases, until it reaches the
second tricritical point of δ/t = 2
√
2, after which it de-
creases approximately linearly with further increasing of
δ. Compared with the SF state, ∆s for the tSF state
more sensitively depends on δ. In addition, there exists
a tN-to-N transition at δ/t = 2
√
2, which is independent
of the interaction strength when |U0| < 2.2.
Figure 4(c) shows the edge states with two-fold degen-
erate zero-energy modes for the tSF state as predicted
due to the bulk-edge correspondence. The quasiparticle
operator for each zero-energy mode is found to be ex-
pandable as γˆ0 =
∑
nσ u
0
nσaˆnσ + v
0
nσaˆ
†
nσ, with the wave-
functions well localized at the boundary [Fig. 4(d)] and
take symmetric forms u0nσ = (v
0
nσ)
∗. As a consequence,
two localized Majorana modes are confirmed for the tSF
phase, each corresponds to the antiparticle of itself or
γˆ0 = γˆ
†
0. These emergent Majorana modes for s-wave in-
teraction atoms are well understood by the model Hamil-
tonian (6) for the effective p-wave superfluids.
VI. CONCLUSIONS
A simple 1D lattice model with magnetic flux and p-
wave interaction is proposed based on spin-1/2 atoms
possessing s-wave interactions. This 1D model sup-
ports a variety of quantum phases including the VP, MP,
and tSF states possessing zero-energy Majorana modes.
The VP-to-MP phase transition and the topological p-
wave superfluids are tunable by the interplay of syn-
thetic flux and Zeeman field. The band structure and
topology can be measured by mature techniques, such as
momentum-resolved rf spectroscopy [40] and Bloch band
topology mapping [41, 42]. With slight modifications, our
model can be extended to study topological Fulde-Ferrell-
Larkin-Ovchinnikov states with population imbalance for
fermionic superfluidity [43].
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